We analyze the linear stability of an axially symmetric ideal plasma disk, embedded in a magnetic field and endowed with a differential rotation. This study is performed by adopting the magnetic flux function as the fundamental dynamical variable, in order to outline the role played by the corotation theorem on the linear mode structure. Using some specific assumptions (e.g., plasma incompressibility and propagation of the perturbations along the background magnetic field), we select the Alfvénic nature of the magnetorotational instability, and, in the geometric optics limit, we determine the dispersion relation describing the linear spectrum. We show how the implementation of the corotation theorem (valid for the background configuration) on the linear dynamics produces the cancellation of the vertical derivative of the disk angular velocity (we check such a feature also in the standard vector formalism to facilitate comparison with previous literature, in both the axisymmetric and three-dimensional cases). As a result, we clarify that the unstable modes have, for a stratified disk, the same morphology, proper of a thin-disk profile, and the z-dependence has a simple parametric role.
INTRODUCTION
In the study of stellar accretion disks (Bisnovatyi-Kogan & Lovelace 2001), as well as in the general problem of the accretion profile around compact astrophysical sources (Abramowicz & Fragile 2013), the question concerning the stability of the rotating plasma is central in the understanding of the angular momentum transport. The rotation of the accretion system is ensured by the gravitational field of the astrophysical source and is not too far from the Keplerian value, at least for thin-disk configurations (Ogilvie 1997) . Another basic aspect of the accreting structures consists of their axial symmetry, which can reduce their equilibrium and the associated linear perturbation scheme to a pure two-dimensional problem. However, a rotating fluid, having a nearly Keplerian differential rotation profile, is clearly stable under perturbations that preserve its axial symmetry (Lord Rayleigh 1917; Balbus & Hawley 1998) . This issue, still recently debated (Balbus 2011; Paoletti & Lathrop 2011) , is of crucial relevance in the setup of the original Shakura idea for accretion (Shakura 1973; Shakura & Sunyaev 1973) , based on the angular momentum transport across the disk by means of shear viscosity, associated with the differential rotation. In fact, the requested value of the viscosity coefficient, to account for the observed accretion rates, especially in highly compact stars, like X-ray pulsars, is not justified by the kinetic predictions in the typical range of density and temperature available for such sources. The instability of the plasma profile is then necessary to account for the onset and the full establishment of a turbulent regime; it can be easily restated as a laminar motion in the presence of an effective viscosity, generated via the nonzero correlation functions of the turbulent fluid velocity field components (see Balbus 2003 ; see also Montani & Carlevaro 2012; Montani & Petitta 2013) . As is well known, the solution to the puzzle of a stable rotating quasi-Keplerian plasma has been provided by including the presence of a weak magnetic field, always present in astrophysical accreting systems, which is able to trigger within the axial picture a continuum of unstable Alfvénic modes, known as the magnetorotational instability (MRI ; Velikhov 1959; Chandrasekhar 1960) . It can be shown that MRI is able to generate a turbulent flow and a satisfactory effective shear viscosity amount (Balbus & Hawley 1991 , 1998 Balbus 2003) . A discussion of the MRI in the case of a stratified axially symmetric plasma disk can be found in Balbus (1995) (see also Urpin & Rüdiger 2005) , where it is shown how the unstable modes are triggered by the gradient profile of the angular velocity, differently from the nonmagnetized configuration, for which the stability criterion relies on the specific angular momentum (Lord Rayleigh 1917) . In this study perturbations of the steady state are considered adiabatic, according to the local and Boussinesq approximations. The system of equations for the linear evolution is closed by using the entropy equation, in which the perturbed pressure can be negligible, as in a typical problem of the so-called internal waves, when the restoring force, acting on the small disturbances, is mainly due to the gravitational field of the central object.
In the present analysis, we address the same problem, but focusing our attention on the specific Alfvénic character of the MRI, and, as the main feature of the considered approach, we investigate the implication that the validity of the corotation theorem (Ferraro 1937 ) (the background disk angular frequency must be a function of the magnetic flux function) has on the linear mode spectrum (see also Montani & Pugliese 2013) . In particular, we consider a real incompressible plasma in the disk (hypothesis corresponding to a polytropic index approaching infinity in the equation of state), and we restrict the study to the perturbations propagating along the magnetic field only. We first face the analysis of the perturbed linear dynamics, by using a formalism in which the magnetic flux function is a basic dynamical variable and the dispersion relation is calculated in the geometrical optic limit (at all equivalent to the local approach adopted in Balbus 1995) . Then, in order to shed light on the basic novelty, introduced by the corotation theorem, we repeat the same linear perturbation scheme in the usual scenario, relying on the use of the magnetic vector components as in Balbus (1995) . We stress how, in this paper, we consider a pure poloidal background magnetic field, but we then discuss how the role of the azimuthal background magnetic field does not change this picture.
In such vector formulation, the corotation condition stands as the orthogonality relation between the background magnetic field and the corresponding gradient of the disk angular velocity.
The main issue of our study consists in demonstrating how the implementation of the corotation condition, on the linear perturbation dynamics, leads to the cancellation of the vertical derivative of the angular frequency from the dispersion relation. As a direct consequence, the linear mode spectrum retains the same form for a thin-disk configuration (where the zdependence does not enter the disk profile). This result implies that the vertical profile of the disk affects only in a parametric way the stability properties of the steady axisymmetric configuration. Thus, we are led to attribute more relevance to other instability mechanisms (see, e.g., Coppi 2008; Urpin & Rüdiger 2005) , when the vertical gradients are so marked to affect the disk steady configuration. Finally, in order to deepen the coupling between the constant poloidal background magnetic field and the perturbation profile, we consider nonaxisymmetric disturbances, according to the vector formalism. We show how the stability condition is affected by the toroidal wavenumber, and MRI results suppressed when the latter is sufficiently large compared to the modulus of the poloidal wavevector.
More specifically, in Section 2, we provide the basic formalism at the ground of our analysis, by specifying all the dynamical equations characterizing the ideal MHD scenario. In Section 3, we define the general properties of the steady background configuration and then construct the linear perturbation scheme, determining the evolution of small disturbances affecting the background profile. In Section 4, we address the geometric optic limit to extract from the linear dynamics the dispersion relation governing the mode spectrum, and we discuss the obtained issue. In Section 5, the calculation of the normal modes is repeated in the standard scheme, relying on the use of the poloidal magnetic field component, instead of the magnetic flux function, here considered. In Section 6, we analyze the nonaxisymmetric case in the presence of a constant toroidal background magnetic field component, as allowed by the corotation profile. The dispersion relation is derived according to the vector formulation of the previous section, and its implications are discussed. Concluding remarks follow.
BASIC EQUATIONS
Let us consider the system made of the Faraday law and of the electron force balance
where E and B denote the electric and the magnetic fields, respectively. Equation (1) admits the solution
where A is the vector potential, such that the magnetic field  =  B A , while Φ denotes the time-dependent electric potential with  = A 0 · (Coulomb gauge). Using this solution in Equation (2), we obtain
In what follows, we consider a two-dimensional axisymmetric system, labeled by cylindrical coordinates f r z , , ; { } all the functions involved are independent of the azimuthal angle f. Without loss of generality, we now express the magnetic field in the form or equivalently, we take the vector potential
where, in the Coulomb gauge, the poloidal component A p satisfies the two conditions
We also consider the following general velocity field in the plasma:
r r z z p denotes the poloidal velocity field. Separating the azimuthal and the poloidal components of Equation (4), we obtain y y
We rewrite this system as two scalar equations, by taking the curl of Equation (10) (having the azimuthal component only); together with Equation (9), we consider the equation
It is worth stressing that Equation ( where p denotes the pressure and by F e p we indicate the external forces acting on the plasma configuration, which remains nonzero in the meridian plane only. We complete this scheme by the continuity equation, describing the mass conservation via the behavior of the mass density ρ, r r
The structure of this system of equations, characterizing the axisymmetric plasma evolution, Equations (9)- (12), allows us to fix some important points: (i) From Equation (11), one immediately recognizes that if the azimuthal magnetic field vanishes, then we must have w w y = ( ).
(ii) Equations (11) and (12) show how the angular velocity ω and the azimuthal magnetic field f B have a strict correlation, since they are able to generate each other. In fact, if one of these two quantities is constant or a function of ψ, the other one has a vanishing righthand side in its dynamical equation: we then get linear homogeneous equations in normal form, having the null solution as the unique one, in correspondence with a vanishing initial value. Thus, if the right-hand sides of Equations (11) and (12) vanish, the variables f B and ω, respectively, cannot be generated from the dynamics if they vanish in the beginning.
LINEAR PERTURBATION THEORY
We now develop a linear perturbation approach around a background configuration, corresponding to a purely rotating plasma disk, embedded in a vacuum poloidal magnetic field. Here we denote by a subscript 0 ( ) all the background quantities and by a subscript 1 ( ) all the corresponding linear fluctuations. The main assumption we adopt in our analysis is the Alfvénic nature of the perturbation, i.e.,  = v 0 p1 · (an Alfvénic mode does not transport matter). As an effect of the plasma backreaction, the magnetic surface function admits the following natural decomposition: y y y
In the case of a purely rotating background configuration, Equation (12) is automatically verified at the zero order, while the poloidal system (13) naturally splits into two background equations:
The first of these equations is the gravostatic equilibrium determining the disk morphology, while the second one is the force-free condition for the vacuum magnetic field of the central object. Since for the static axisymmetric background the corotation theorem holds, we take the angular velocity in the form w w y w = + + ( ) , i.e., we separate a contribution depending on the function ψ at any order from a generic angular velocity term. Clearly, we have w = 
|¯¯˙( ) ( )
In order to address the perturbation scheme, we introduce the poloidal plasma shift x p , defined via the relation
Perturbing Equation (9), we get the basic relation 
It is worth stressing that Equation (18) permits us to cancel out the contribution of w 1 , simply because its variation is induced by the perturbation y 1 (actually, we used above the relation w w y
). The first-order structure of Equation (11) takes the simple form (the contribution due to w 1 cancels out) w y w y 
( ) where we introduced the notation
Finally, since we requested the incompressibility of the plasma, from the perturbed mass conservation Equation (14), by time integration, we have
The behavior of the perturbed pressure p 1 will be deduced via the preservation of the incompressibility along the evolution (see below). Taking the second time derivative of y 1 from Equation (18), using Equations ( 
The magnetic field of a compact star is typically well modeled by a dipolar configuration (Meszaros 1992 2 on the small perturbation wavelength). Therefore, we will naturally introduce the definitions
t , so that we get the basic relation of the adopted approximation, i.e.,
This approach to the perturbation analysis is equivalent to a local approximation (large wavenumber limit), but the request of a linear theory, for which the perturbed magnetic field must be small in comparison to the background one, implies the restriction
Indeed, we retained y  0 in Equation (18) (otherwise, no evolving perturbations would arise), as well as the gradient r  0 in Equation (23). Using such an approximation scheme, i.e.,, retaining dominant terms in the wavenumber vector k (as well as the inhomogeneous term in the angular velocity, responsible for MRI), Equations (21) take the compact form 
(˙) ( )
This relation states the preservation of the plasma incompressibility in the linear evolution of the perturbations. 
VECTOR FORMULATION
In order to better elucidate how the validity of the corotation theorem for the background configuration influences the structure of the dispersion relation, we here analyze the linear perturbation dynamics, using the same vector formulation adopted in Balbus (1995) .
We start by writing down the basic evolution equations for the linear corrections in terms of the poloidal magnetic field B p and the toroidal component f B , as well as by using the perturbed poloidal velocity field v p 1 (absent in the background), instead of the plasma shift. The equations below are determined under the same hypotheses of the previous sections, and we also introduce the perturbed toroidal velocity f v 1 , without any additional splitting between its corotational and generic parts.
The incompressibility condition clearly stands as The equation above can be substituted into Equation (43), yielding
Finally, the radial component of Equation (40) reads as (45) and (46), we easily recover the dispersion relation of Equation (36).
Combining together Equations
Let us now discuss how the present picture can be affected by the presence of a background toroidal magnetic field. Actually, including such a background magnetic field component, in the perturbation scheme, would correspond to modifying Equation (37) only (see also Balbus 1995 , where this component is included ab initio), by adding a term of the formpr f f k B B 4 0 1 0 . This contribution is clearly the additional toroidal pressure component; the tension modification vanishes because of the axial symmetry prescription, removing the azimuthal component of the wavevector. However, when we calculate the perturbed pressure from the preservation of the incompressibility along the plasma evolution and then substitute it back into Equation (37), the additional term naturally cancels out of the poloidal momentum conservation equations. Since that stage, the background poloidal magnetic field component disappears from the perturbation scheme and hence from the dispersion relation (clearly in such a case, the wavevector is parallel to the poloidal magnetic field only).
NONAXISYMMETRIC PERTURBATIONS
In this section, we face the study of nonaxisymmetric Alfvénic perturbations, including in the background configuration a nonzero toroidal component of the magnetic field f B 0 , along the scheme traced in Section 4. In Balbus & Hawley (1992) , the same problem is analyzed in the case w w = r 0 0 ( ), outlining how the dynamo mechanism implies a time dependence of f B 0 and, hence, a time dependence of the perturbation wavenumbers too (see also Goldreich & LyndenBell 1965) . However, when the corotation condition is preserved for the background (i.e., we deal with a stationary, axisymmetric, and purely rotating configuration), Equation ( . Thus, as an important consequence of the corotation profile, no dynamo effect takes place, and we deal with a stationary background even for a three-dimensional (nonaxisymmetric) problem.
Thus, we now consider perturbations, whose plane wave representation is characterized
where m is an integer number. Then, introducing the notation 
The study of the stability is qualitatively the same as for Equation (36), which can be easily recovered for º m 0. In particular, the necessary condition to get MRI is now w a < -f y r A 2 , which ensures < c 0 ( < b 0 requires again < c 0). Therefore, it is easy to recognize that the nonaxisymmetric MRI is suppressed when
while in the opposite case we recover the stability condition of the previous sections (axisymmetric case).
DISCUSSION AND CONCLUSIONS
We analyzed the morphology that the MRI takes in twodimensional axial symmetry, when the validity of the corotation theorem for the background configuration of a stratified differentially rotating disk is taken into account. We studied an incompressible plasma, subjected to the further restrictions (not affecting the Alfvénic nature of the MRI) that the background azimuthal magnetic field vanishes identically and the perturbations propagate along the background poloidal magnetic field. The dispersion relation for the normal modes is derived in the geometrical optic limit, and it turns out to be isomorphic to that of a thin-disk configuration.
In other words, also in the case of a stratified disk the relevant quantity in triggering the MRI is the radial gradient of the disk angular velocity, while the vertical profile of the background configuration does not enter the unstable mode spectrum, apart from a parametric dependence of all the quantities involved in the problem.
It is worth noting that, with respect to the analysis developed in Balbus (1995), we do not address the Boussinesq approximation and do not use the entropy evolution equation. Nonetheless, the behavior of the perturbed mass density is negligible in both approaches, and therefore they clearly overlap (indeed, for an incompressible plasma, the polytropic index approaches infinity and the entropy equation for the perturbations essentially reduces to the mass conservation law). The reason for a net discrepancy in the two studies of the stratified disk stability, according to the ideal MHD representation, is in our accounting for the corotation theorem. Indeed, when the wavevector is parallel to the background poloidal magnetic field, the momentum conservation equations must preserve the spatial constraint
, whose existence affects the dispersion relation. Clearly, the morphology of the background has a direct impact on the nature and the propagation of the linear disturbances. The direct dependence of the background angular velocity on the magnetic flux surfaces represents a well-defined link between the magnetic configuration and the differential rotation of the stratified disk, with the key implication being to cancel the vertical derivative of the disk angular frequency in the dispersion relation.
Finally, we observe how, in the limit of a thin-disk configuration, the corotation theorem does not affect the MRI profile and, actually, we obtain the well-known standard result (see Balbus & Hawley 1998 , 1991 . This is because the condition w  = B 0 0 0 · is identically satisfied: for a thin disk we haveB 0
r0
(the profile for a compact star is typically dipole-like) and w w = r 0 0 ( ) (the vertical dependence can be properly averaged out).
For the sake of completeness in Section 6 we discuss also nonaxisymmetric perturbations, compatible with a corotation profile. In fact, as far as w w y = ( ) only a constant poloidal magnetic field is permitted. We show how the dispersion relation implies MRI suppression as soon as the poloidal wavevector components are sufficiently large, i.e., much greater than the poloidal component. This fact has intriguing implications on the disk morphology since the validity of such a condition depends on the ratio m/r and therefore it is better fulfilled in the inner disk regions.
Although the present analysis aims to outline the implications of the corotation theorem on the MRI morphology, according to a stationary and axisymmetric background (corresponding to the same assumptions at the ground of Balbus 1995), it is worth addressing the question concerning whether a real disk fulfills such conditions. The problem is, in principle, complicated, depending on the specific accretion process, i.e., accretion of the compact object from a surrounding nebula, a companion binary star, etc., but a simple theoretical consideration can shed light on the reliability of the presented scenario. The first point to focus on is that the validity of the present analysis requires that the considered assumptions, i.e., the predictivity of the corotation theorem, are valid for a timescale much greater than the growth time of the MRI, namely, w -0 1 . Actually, the validity of the corotation theorem, apart from the axial symmetry (implicit in the gravitationally confined disk configuration), requires that the system is stationary and the poloidal velocity vanishes; see Equation (11) of Benini et al. (2011) .
Let us discuss these two prescriptions if the radial profile is concerned, which indeed is the only relevant contribution for the accretion and, as we have seen above, for the MRI mode spectrum.
To deal with the corotation theorem, the radial infalling velocity must be much smaller than the azimuthal one, i.e., w  v r r 0 | | . Such a condition can be refined by using Equation (11), which yields 
| | ( )
where H is the disk half depth, while B p and f B denote the estimate of the poloidal and azimuthal background field intensity, respectively. As long as f B does not exceed B p (we
